This paper is concerned with the dissipativity of Runge-Kutta methods for a class of nonlinear functional-integro-differential equations (FIDEs). The dissipativity results of Runge-Kutta methods for the FIDEs are given. It is shown under a suitable condition that an algebraically stable Runge-Kutta method is dissipative when applied to the FIDEs. Numerical examples are given to illustrate the correctness of our theoretical results.
Runge-Kutta methods are deduced. In Section , some numerical experiments are given to illustrate the theoretical results which we stated in previous sections. It is obvious that when B is positive definite, they are the inner product and the norm on C ds , respectively.
The descriptions of problem class and numerical methods
Let
Consider nonlinear functional integro-differential equations (FIDEs) of the form (cf. [, ])
⎧ ⎨ ⎩ d dt
[x(t) -t t-τ g(t, ξ , x(ξ )) dξ ] = f (t, x(t), x(t -τ )), t ∈ [t  , +∞), x(t) = ϕ(t),
where τ >  is a given constant delay, the functions f :
, and ϕ : [t  -τ , t  ] → C d are assumed to be continuous so that system (.) has a unique solution x(t), and f and g satisfy also the conditions
where γ , α, β, η, λ are given real constants and γ , -α, β, η are nonnegative, and λ >  with λτ < ,
In order to investigate the numerical dissipativity of (.), we assume further that f satisfies the condition: for any constant M > , there exists L >  which is only dependent on In our recent paper [], we studied the dissipativity of (.) and gave the following results.
Theorem . Suppose that x(t) is a solution of problem (.) where f and g satisfy (.) with α <  and (.), respectively, and there exists constant  < δ <  such that
Then, (i) for any t ≥ t  , we have
where
here and later, the symbols γ , α, β, η, λ are given by (.) and (.); (ii) for any given ε > , there exists t * = t * (φ, ε) such that
Hence system (.) is dissipative with an absorbing set 
is required. There exist some important differences between conditions (.) and (.). In fact, as an example without delay and integral terms, Humphries and Stuart [] proved that after translation of the origin, the Lorenz equations are dissipative, but do not satisfy condition (.). In addition, the dissipativity is a long time characteristic of a system rather than the stability on a limited closed interval.
The aim of this paper is to investigate whether the Runge-Kutta methods for system (.) preserve the dissipativity of the system itself.
It is well known that an s-stage Runge-Kutta method for ODEs can be expressed as
where 
i denote approximations to x(t n ), x(t n + c i h) and z n and Z (n) i approximations to z(t n ) and z(t n + c i h), respectively. Here and later, we put that
In addition,
As to the computation of integral terms z n , Z
i , we apply the compound quadrature formulas Definition . Method (.) with a quadrature formula is said to be dissipative if, whenever the method is applied with a step size h to a dynamical system of the form (.) subject to (.)-(.), there exists a constant r such that, for any initial function ϕ(t), there exists
holds.
Dissipativity of Runge-Kutta methods
In this section we focus on the dissipativity analysis of algebraically stable Runge-Kutta methods with respect to nonlinear FIDEs. Proof For simplicity, we let
It is well known (see, for example, [] ) that
By means of algebraic stability of the method, (.) leads to
Using conditions (.) and (.) , then (.) gives
We let
Hence by induction, from (.) we can obtain that
where the condition s j= b j =  has been used. Now we estimate the quadrature terms z n and Z (n) B . From (.) and condition (.) we obtain that
Making the square of the both sides and using (.) and the Cauchy-Schwarz inequality, we get
Similarly, from (.), (.) and (.) we can also obtain
which gives
Hence it can be deduced that
When γ = , it follows from (.) and α
which shows that for any ε > , there exists n  = n  (φ, h) >  such that
and
On the other hand, from (.) we have
Therefore, we can obtain that
When γ > , using techniques similar to those presented in [], we can conclude that there exist r  >  and a positive integer n  (φ, h) such that
A combination of (.) and (.) shows that there exist a constant R  and n  (φ, h) such that
The next thing to do in the proof is estimating x n . Because of the fact that
therefore, for n ≥ n  , from (.), (.) and (.) we have
Since we have assumed λv < , then  -λv > , and (.) leads to
Thus  < θ <  and (.) can be written as follows:
When n = n  , we have
In the following, we consider two cases. First, when μ + θϕ  ≥ ϕ  , we can obtain by induction that
In fact, (.) implies (.) satisfied for j = . It is easy to see that
If (.) holds for j < l, where l is a positive integer, then it follows from (.) and (.) that
which shows that (.) holds for any j ≥ . Second, when μ + θϕ  < ϕ  , then for l = , , . . . , it can be given by induction that
In order to prove this conclusion, we first consider the case of l = . As a matter of fact, when l = , (.) implies that (.) holds for j = . If here (.) holds for j < q < m -, then from (.) we have x n  +q ≤ μ + θ max{μ + θϕ  , ϕ  } ≤ μ + θϕ  , which shows (.) holds for l = .
Suppose that (.) holds for l < p, where p is a positive integer. When j = , (.) reads
where f  (t) = cos(at) -a sin(at), f  (t) = sin(bt) + b cos(bt),
. 
